Five-phase surface-mounted permanent-magnet machines can inherently produce a smooth electromagnetic torque which can be increased when using third harmonic current injection. To really take advantage of these characteristics, the rotor magnets can be shaped to obtain a back electromotive force with large third harmonic term. This is the scope of this paper. For the design specifications of a low-speed marine propulsion machine, the following objective must be achieved: to significantly mitigate the pulsating torque without reducing the average torque bearing in mind the solution where the rotor is made with full pole-pitch magnets. An analytical field computation, called equivalent coil method, is developed to quickly explore the magnet geometries. Thus a procedure to optimize small trapezoid notches at the surface of the pole magnets is performed. Referring to the classical fully pole-pitch magnet shape, the solution found allows a substantial reduction of the pulsating torque without reducing the torque density. Furthermore, with regard to an equivalent three-phase machine, for the same copper losses, the average torque of the optimized five-phase machine can be potentially higher if the third harmonic current injection is implemented.
I. INTRODUCTION
M ULTI-PHASE motors are widely used in electrical marine propulsion for reasons such as reliability, smooth torque, and distribution of power [1] . In case of directdrive, the low-rotating speed makes the reduction of ripple torques of critical importance thus justifying the choice of a surface-mounted permanent-magnet (SMPM) rotor (not rotor saliency). Supplied with a pulse width modulation (PWM), voltage source inverter (VSI), the machine can be controlled to improve the average torque or the efficiency with reference to classical sinusoidal control [2] . To take advantage of this characteristic, the machine can be designed to obtain a particular back EMF spectrum which can be achieved with specific winding distribution and magnet layer characteristics [3] . This magnet shape adaptation can be studied using the multimachine theory. This approach points out the opportunity of using the third space harmonic to enlarge the torque without increasing the pulsating torque. Therefore, this paper focuses on the magnet shape adaptation for a five-phase machine.
Numerous papers deal with magnet shape adaptation for three-phase PM machines [4] , [5] . With a five-phase machine, since it is possible to increase the torque by using the thirdspace harmonic, the magnet-shape adaptation is different. In [6] , a particular magnet shape for a five-phase machine is introduced. For the design specifications of a marine propulsion machine, the magnet shape is manually determined without any optimization procedure. The proposed trapezoid magnet shape allows to substantially reduce the pulsating torque referring to the solution where the rotor is made with full pole-pitch magnets. Unfortunately, the reduction of the magnets volume adversely affects the torque density that is lowered. This paper, it is intended to optimize the magnet layer characteristics to reduce the pulsating torque without decreasing the torque density. To reach this goal, the basic idea consists in making small notches on the magnet surface. In practice, to explore these solutions, quite an accurate analytical field computation is necessary.
In the first section, the five-phase machine design goals are explained using the multi-machine theory. The opportunity to achieve these design requirements by adapting the pole magnets characteristics is pointed out. The classical magnet pole designs are then reviewed. An analytical representation of an SMPM machine, so-called equivalent coils method, is then described: its applicability to estimate the flux density for large air gap machine is discussed. In the last section, with regard to the design specifications of a marine propulsion machine, the magnet shaping optimization problem is formulated and the results are reported: the enhancements in terms of pulsating torque reduction and torque density are estimated with the analytical method and finite-element analysis (FEA).
II. FIVE-PHASE MACHINE DESIGN GOALS

A. Multi-Machine Decomposition of a Five-Phase Machine
A multi-phase machine is difficult to study owing to its numerous inherent magnetic couplings. The multi-machine modeling [7] enables a systematic study of this system with the particularity of taking into account the whole space harmonics. This approach is convenient for non-salient machines such as SMPM machines. According to this theory, a wyecoupled five-phase machine behaves as a set of two two-phase virtual machines denoted M1 and M2 that are magnetically independent but electrically and mechanically coupled. Each virtual two-phase machine is characterized by its own cyclic inductance (denoted λ 1 and λ 2 ) and back EMF. Each virtual machine is associated with a particular family of space harmonics.
1) M1 machine is sensitive to 1 st , 9 th , (10k ± 1) th harmonics. 2) M2 machine is sensitive to 3 rd , 7 th , (10k ± 3) th harmonics.
0018-9464 © 2013 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission. See http://www.ieee.org/publications_standards/publications/rights/index.html for more information. As M1 machine is sensitive to the fundamental, M1 is called main machine and M2 is called secondary machine. Fig. 1 gives a synthetic view of the multimachine decomposition of a wye-coupled five-phase machine. The total electromagnetic torque is the sum of the two elementary torques produced by M1 and M2 virtual machines. With a voltage source inverter, a simple and efficient control (called multi-machine control) can be implemented: it consists in supplying the machine with currents that contain only the first and third harmonics. Table I summarizes the multimachine control strategy. In this table, 1 and 3 denote the first and third harmonics of the no-load back EMF (at one rad/s). By assuming that M1 and M2 machine currents are perfectly sinusoidal, the multi-machine control allows to increase the total electromagnetic torque for given copper losses (base copper losses P b ). Table I quantifies this advantage (in case of Maximum Torque Per Ampere Control): with reference to classical sinusoidal control, the total electromagnetic torque can be enhanced by more than 5% if the ratio between 1 and 3 is three (ratio obtained with a squarewave signal). To obtain this particular back EMF spectrum, it is possible to conceive a specific magnet layer.
B. Particular Pole Design Review
For SMPM machines, the adaptation of the magnet layer can be achieved by acting on three main design options: 1) the number of magnets per pole (segmented); 2) the magnetization of the magnets (radial or parallel); 3) the magnet shape. In a segmented PM machine, each pole is made with several surface-mounted magnet blocks that are positioned to obtain particular openings between adjacent blocks. All the magnet blocks are usually of the same type and have the same magnetization direction. The particular openings between the blocks determine the space harmonic content of the magnetomotive force generated by the pole. For a three-phase machine, the design approach is often used to reduce the cogging torque [8] , [9] . For example, to choose a magnet arc to pole pitch ratio equal to 2/3 eliminates the first cogging torque harmonic in case of integral-slot winding distribution. This classical magnet layer design can be seen as the most simple pole segmentation. The main drawback of the pole segmentation is the average torque decrease due to the reduction of magnet volume with reference to the equivalent full pole-pitch magnet configuration. As one of the goals of the multi-machine design is to enhance the average torque, the pole segmentation is not investigated.
Halbach array can be seen as an alternative pole segmentation design. With this solution, the pole consists of several magnets of the same span that are magnetized non-radially [10] , [11] . The magnetization direction of each block is gradually oriented according to a sinusoidal law. The resulting air gap flux density is thereby all the more sinewave as the number of block per pole is high. Owing to its flux focusing effect, Halbach array significantly improves the magnet volume use with reference to an equivalent full pole-pitch radially magnetized magnet layer [12] . Regarding the multi-machine design of the five-phase machine, Halbach array is not suitable because two space harmonics are required (the first and the third). Nevertheless, it is possible to determine a particular pole segmentation that is close to a Halbach array but with different magnet spans and magnetization angles. This kind of solution already investigated in [3] , [13] is not examined in this paper.
In segmented pole or Halbach arrays, the magnets have a classical rectangular shape (the magnet edges are in the radial direction). Another possible shape for the magnet pole is the trapezoid one: when using this solution, the magnet edges are chamfered which contributes to alleviating the torque ripples [4] . Sinusoidal shape or bread shape is shown to be particularly advantageous to reduce the cogging torque [5] , [14] . The adverse effect is the same as for pole segmentation: these magnet shapes (sinusoidal or close) reduce the maximal average torque with reference to the equivalent full pole-pitch radially magnetized magnet layer. Therefore, regarding the multi-machine design, other magnet shapes must be explored notably because the back EMF must contain significant third harmonic term.
C. Multi-Machine Design Analysis
For a five-phase machine, according to the multi-machine theory, the design idea consists in looking for a particular magnet shape that induces a back EMF waveform that mainly contains the fundamental and third harmonic. Hence highorder harmonics (especially 7, 9, 11, and 13) must be as low as possible to obtain two sinusoidal virtual machine back EMFs. To reach this goal, in [6] , for a five-phase machine, a particular trapezoid magnet shape is determined. Regarding the pulsating torque reduction, the obtained results are convincing. However, since this trapezoid shape implies a significant reduction of the magnet volume with reference to the full pole-pitch magnet layer (−26%), the average torque is reduced (−16%).
In this paper, the proposed method is really different because, with the new magnet shape, the average torque must be maintained. To obtain this result, it is decided to realize particular trapezoid notches at the magnet surface. Thus particular space harmonics will be eliminated without reducing the useful air gap flux density. An optimization procedure is necessary to determine the notch characteristics. To perform this task, a fast and accurate analytical field computation is developed.
III. ANALYTICAL MODEL TO STUDY THE MAGNET SHAPE
To quickly evaluate the magnet pole shape adaptation, a 2-D analytical calculation of the air gap flux density is developed from [15] . In this paper, the method is restricted to radially magnetized magnet. The method consists in representing the pole magnets with a set of elementary coils. Table II gives the definitions of the symbols used hereafter.
A. Field Due to an Elementary Coil in an Annular Air Gap
To perform the analytical calculation of the air gap flux density, the following assumptions relative to the active parts properties are required: 1) permeability of the rotor and stator steel is infinite; 2) magnet permeability equals air permeability μ 0 ; 3) magnet magnetization is constant. Geometric simplifications are also necessary: 1) the machine axial length is infinite (2-D modeling); 2) the local stator slotting is neglected. Given these assumptions, the vector potential due to an elementary coil centered on C(r c , θ c ) with an angular span equal to 2ξ can be analytically estimated. According to [15] , for an internal rotor machine (R r < R s ), the potential vector for a point M(r, θ) located in the air gap is (where I c is the coil current) 
B. Equivalent Coil Method to Represent the Magnets
For SMPM machine, the pole magnets are represented by a set of n c elementary coils, each coil carrying a current I c along the z-axis. In the case of radial magnetization, coil current I c only depends on the remanent flux density B r , the magnet height h m , air permeability μ 0 , and the coil number n c chosen to represent the magnet
If the magnet edges are in the radial direction (radial shape), the integration along the equivalent coils can be explicitly calculated. The following relationship gives the solution for a point located in the mechanical air gap (R r + h m ≤ r ≤ R s ) for a magnet centered on angle θ c , with a radial height h m and an angular span 2τ r :
with
If the magnet shape is not radial (for example trapezoid), the integration cannot be analytically solved. However, with reference to FEA, the equivalent coil method is particularly attractive because it is not computationally time-consuming and easier to implement. By expanding the whole magnet layer into a set of equivalent coils, it is possible to estimate the air gap flux lines for an equivalent smooth air gap machine (where the slots are removed). Regarding the number of equivalent coils to represent the magnet, according to the study reported in [6] , the flux density estimation at the stator periphery quickly converges: for the machines studied this paper (and introduced in Section IV-A), ten equivalent coils are sufficient.
C. Discussion About the Method Accuracy
The proposed approach does not take into account the slotting effect that mainly modifies the flux lines near the stator bore. However, with reference to the equivalent smooth air gap machine, the flux lines are all the more similar that the ratio of the slot opening to the magnetic air gap is small. For the considered SMPM machine with semi-closed slots, since the magnetic air gap includes the mechanical air gap and the magnet thickness, this property is generally accepted. This statement is illustrated by Figs. 3(a) and (b): the numerical (when using FEA program FEMM [16] ) and analytical flux lines are given for the three-phase machine under consideration in the last part of this paper. One can observe that the air gap flux lines are close. Finally, for the machine considered in this paper, the effects of slotting are relatively small for most aspects of performance except cogging torque. To consider the slotting, a permeance function can be introduced from an extrapolation of the flux lines in the slots [17] , [18] : the cogging torque can be estimated with this method [19] . Recent studies focus on the subdomain approach that gives an analytical solution for the potential vector in the air gap but also in the slots [20] , [21] or in the magnets in case of inset magnets [22] .
IV. APPLICATION TO LOW-SPEED NAVAL PROPULSION MACHINE
A. Machine Characteristics
To evaluate the magnet shape adaptation, a low-speed SMPM machine for marine propulsion (2MW @ 150r pm) is considered. Table III gives the electromagnetic characteristics of this machine. The main design objective is the reduction of the ripple torques. A fault tolerant ability is also aimed for. A five-phase machine is thus preferred to a three-phase one [1] , [2] . A full pole-pitched winding is chosen to maximize the winding factor thus improving the torque density. Furthermore, the cogging torque is reduced when the phase is increased in case of full pole-pitched winding. To evaluate the potential advantages of the magnet shape optimization, for the geometric specifications given in Table III , three configurations of the motor will be considered: 1) the three-phase configuration where the rotor is made with full pole-pitch magnet; 2) the base five-phase configuration where the rotor is made with full pole-pitch magnet; 3) the new five-phase configuration where the rotor shape is optimized according to the procedure described in the next subsection. The three-phase and five-phase configurations are equipped with a full pole-pitch integral-slot winding. As the end-turn winding size mainly depends on the pole number and the machine diameter, one can assume that the three machines have the same copper volume and the same base copper losses (since they work with the same linear load and current density).
B. Optimization Problem
To adapt the air gap flux density spectrum to the multimachine design, a procedure that optimizes small trapezoid notches at the surface of the pole magnets is performed. To keep the symmetry of the back EMF waveform (to avoid even space harmonics), the pole magnet symmetry must be conserved. Consequently, if a notch is made at a demi-pole, a symmetrical notch must be made at the other demi-pole. Fig. 4 illustrates the geometric notches parameters under optimization. The set of geometric parameters in Fig. 4 defines the optimization variable x
Due to geometric reasons, the optimization parameters must be lower and upper bounded according to the following relation:
Concerning the notch depth (h 1 and h 2 ), the maximal value is set to half the base magnet layer thickness h m because it can be inferred that too deep a notch would excessively reduce the flux density. Furthermore, demagnetization issues can occur if the magnet thickness is reduced too much. Linear inequality constraints are defined from the following requirements: 1) down notch length (τ 1b and τ 2b ) must be smaller than up notch length (τ 1h and τ 2h ) for manufacturing reason; 2) no overlapping between the two notches to facilitate the tracking of the optimal solution (however two notches can merge to one during the optimization procedure).
Matrix A and vector b for linear inequality constraints are then defined as follows:
The main design goal is to adapt the magnet layer characteristics to obtain sinusoidal back EMF for the two virtual machines M1 and M2. The choice of the objective function and the non-linear constraint determines the way to formulate this objective. The objective function to minimize is given by
The objective function focuses on the reduction of particular flux density harmonics: B 9 and B 11 relative to virtual machine M1 and B 7 and B 13 relative to virtual machine M2. The objective function must be minimized under a constraint that guarantees a sufficient level of flux density fundamental for virtual machines M1 (B 1 ) and M2 (B 3 ). This sufficient level of flux density is determined so that the optimized machine produces an average electromagnetic torque less as high as 95% the average electromagnetic torque obtained with the full pole-pitch magnet configuration. This new maximal average electromagnetic torque is supposed to be obtained in case of multi-machine control of the five-phase machine. The maximal electromagnetic torque directly relates to the first and third harmonic terms of the flux density denoted B 1,0 and B 3,0 . Finally, the non-linear constraint is expressed as follows:
The final optimization problem is summarized in (9) based on relations (5), (6) , (7), and (8)
This optimization problem is solved with fmincon function from MATLAB/Simulink Optimization Toolbox. One can note that a procedure that consists in calculating a high number of magnet shapes and after selecting the better solutions with regards to the objective and constraints would be difficult to compute because the variables are continuous and not discrete. In practice, (3) is used to calculate the base flux density at the beginning of the procedure. At each iteration, new notches are defined. The flux density due to magnets which have the notch shapes is calculated with the equivalent coil method. This flux density is subtracted from the base flux density to obtain the machine flux density. With this approach, the equivalent coil method is applied to the small notch volume, thus virtually eliminating the sensitivity to the number of equivalent coils and making the convergence easier. The obtained solution is depicted in Fig. 5 . The reduction of the magnet volume is about 4% referring to the full polepitch magnet rotor. It should be noted that magnets with a single notch per demi-pole were investigated at first. An optimum solution was found but it appeared that the reduction of the objective function (7) was not satisfactory enough: the reduction of the pulsating torques was not sufficient.
The final optimum solution (in Fig. 5 ) is validated with FEA program FEMM [16] . Fig. 6 compares the air gap flux lines according to FEA with the ones according to the analytical method. The lines are quite similar particularly in the interpolar area where the deep notches are. Fig. 7 focuses on the no load back EMF comparison. The numerical back EMF is calculated via the flux density integration over the slots area. Fig. 7(a) shows that the numerical and analytical waveforms are close: the notch effects are the same. The numerical amplitudes are lower than the analytical ones because the slotting reduces the total flux per pole. In Fig. 7(b) , it can be seen that the seventh, nineth, eleventh, and thirteenth harmonics are almost cancelled in both numerical and analytical signals.
C. Performance Estimations With the Optimized Magnet Shape
In this Section, the performance improvements with the optimized magnet shape are estimated with the analytical method and FEA. It should be noted that the comparison between the analytical model and FEA is restricted to air gap flux and back EMF estimations. Radial forces are not calculated because, for the considered machines, the winding is integral-slot that does not induce magnetomotive force subharmonics. In contrast, if the winding was fractional-slot, it would be necessary to calculate the radial forces: in this case, the magnetomotive force subharmonics can induce vibrations which possibly cancel the benefits of the new magnet shape in terms of the reduction of vibrations. Fig. 8 shows the virtual machine back EMFs for both reference and optimized five-phase machines. With the new rotor shape, the back EMFs of the (two) two-phase virtual machines (M1 and M2) are sinewave: this is due to the reductions of harmonics 7, 9, 11, and 13 in the back EMF spectrum (as targeted by the optimization procedure). This reduction does not adversely affect the torque density because the fundamental and the third harmonic amplitudes are almost unchanged with the new shape: reduction of 1.5% for the fundamental (from 37.9 to 37.3 V/rad/s) and reduction of 13% for third harmonic (from 9.9 to 8.6 V/rad/s). One can note that, for the fundamental, the reduction is lower than the magnet volume decrease (−4%). These results comply with the multimachine design objectives described in Section II-A.
These sinusoidal back EMFs enable the optimized machine to provide a smooth electromagnetic torque. To check this property, given the initial three-phase machine, the reference five-phase machine and the optimized five-phase machine, the electromagnetic torques are calculated with sinusoidal control and with multi-machine control for the five-phase machine. When using third harmonic current injection as explained in Section II-A, it is important to remember that the third harmonic cannot be used to generate additional torque with a wye-coupled three-phase machine. All the results are obtained for the same copper losses in steady state operation when using an average model of the converter (only fundamental and possibly third harmonic in the current). Fig. 9(a) gives the electromagnetic torques obtained by considering the analytical back EMF. The pulsating torque reduction with the new magnet shape is clear. Fig. 9(b) gives the electromagnetic torques obtained with FEA: the torque is calculated by integrating the Lorentz forces acting on the stator currents. These numerical results confirm the substantial reduction of the pulsating torque predicted by the analytical approach. The results given by Fig. 9 (a) and (b) are quantified by Tables IV and V that indicate the numerical values of the average and pulsating torques. According to, the analytical method (see Table IV ), when using the new magnet shape, the pulsating torque is virtually eliminated: it is reduced by more than 100× referring to the three-phase machine and by more than 20× referring to the initial five-phase machine. According to, the numerical analysis (see Table V ), the pulsating torque reduction is less important but still significant: it is reduced by more than 10× referring to the three-phase machine and by more than 3× referring to the initial five-phase machine. Regarding the average torques, the same conclusion can be drawn from the two methods: with the multi-machine control strategy, the optimized five-phase machine can provide a torque higher than the reference three-phase machine (about 1%) whereas the magnet volume is reduced (4%). This characteristic stigmatizes a better use of the magnet material.
The optimization procedure aims to reduce the ripple torques. Therefore, it is important to check if the cogging torque is mitigated with the new machine. Fig. 10 shows analytical and numerical estimations of the cogging torque for the reference three-phase machine, the initial five-phase machine and the optimized five-phase machine. The analytical estimation is taken from [19] (by introducing a permeance function to consider the slotting as mentioned in Section III-C) and the numerical estimation is computed with FEMM (by integrating Maxwell's stress tensor). The two methods confirm the expected reduction of the cogging torque with the fivephase machines (due to larger number of slots per pole). For the new magnet shape, both the analytical and numerical methods estimate a lower cogging torque which can be explained by the reduction of the fifth harmonic term of the air gap Another critical point that must be considered is the demagnetization issue. Since the magnet thickness is reduced where the notches are, local demagnetization can occur. To evaluate this possibility, for the optimized machine, the air gap flux density along the magnet surface of a pole is calculated with FEA in load and no load conditions: the results are reported in Fig. 11 . For the considered magnets, the knee flux density is around 0.1 T (which corresponds to a limiting magnetizing force of about −850 kA/m). Fig. 11 confirms the demagnetization possibility in the notch area (particularly for the deeper notches, near the interpolar boundary). However, the estimated flux density is higher than the knee value (0.1 T) thus meaning that, according to the modeling, the demagnetization does not occur.
V. CONCLUSION
Dealing with the design of a five-phase low-speed SMPM machine, this paper demonstrates the possibility of adapting the magnet shape to reduce the pulsating torques. This investigation is carried out with a 2-D analytical calculation of the air gap flux density: the so-called equivalent coils method is convenient to analyze large air gap machines with semiclosed slots where the effects of slotting is relatively small for most aspects of performance (except cogging torque). With reference to FEA analysis, this analytical method is not computationally time-consuming. Consequently this method facilitates the study of particular magnet shapes considering the multi-machine design: a procedure that optimizes small trapezoid notches at the surface of the pole magnets is thereby developed. With reference to a rotor made with full pole-pitch magnet, the obtained optimal solution enables a significant reduction of the pulsating torque that does not adversely affect the torque density. Indeed, for the corresponding threephase machine, the average torque of the optimized five-phase machine can be potentially higher if the multi-machine control is implemented. Finally, to improve the evaluation of the benefits of the proposed approach, further studies are necessary such as estimating the magnet losses and considering the slot effects (for small air gap machine). These objectives can be achieved by developing a more accurate analytical approach (as in [21] ). Regarding the experimental side, the manufacturing of a demonstrator is necessary especially to evaluate the feasibility of the magnet notches without degrading the magnetization properties.
